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Shortest Path Problem among Imprecise Obstacles
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Abstract

In this paper, we consider the shortest path problem
among a set of imprecise segments as obstacles. In
the precise context, each segment is defined by its end-
points. Here, we assume an uncertainty region for the
endpoints of the segments and study the problem of ar-
ranging the obstacles by placing a point inside each un-
certainty region in such a way that maximizes the possi-
ble shortest path. We prove the NP-completeness of the
maximum shortest path problem for both the Euclidean
and Manhattan metrics and propose a 1

2 -approximation
algorithm for it when the uncertainty regions are mod-
elled as independent disjoint disks. If the regions are
dependent on separation factor k, we obtain the ap-
proximation factor of 1− 2

k+4 .

1 Introduction

Regarding the widespread applications of shortest path
problems in motion planning, VLSI design and network
wire-routing, the necessity of investigation over short-
est path problems has currently become evident. It is
unsurprising, therefore, that finding a shortest path for
robots or points within a workspace with obstacles has
been under investigation as an intriguingly applicable
problem. Taking some constraints and properties of
obstacles or workspaces into consideration, various ap-
proaches like visibility graph [8] have been suggested for
the shortest path problem. These approaches assume
the workspace, data processing, and motions completely
in a precise manner, however, this assumption is not
realistic. For instance, in the robot motion planning,
many uncertainties such as robot’s sensing and acting
are inevitable. In addition to the mechanical constraints
of robots, a raft of data is inaccessible due to the differ-
ent sources of error such as collecting real data about
the world and its dynamical properties. Clearly, these
uncertainties make these approaches inefficient under
uncertainty and, consequently, imprecision considera-
tion will draw a more complete and accurate picture
of finding shortest paths.

Region-based models [3, 12], are popular approaches
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to model the imprecision. In this models, the precise
point may appear anywhere in the region with a uni-
form probability. The goal of the region-based mod-
els for handling imprecision is to find the critical point
for each geometric region in order to minimize or max-
imize specific values. For example, Löffler and van
Kreveld discussed the convex hull of imprecise points
in various types of regions which maximize or mini-
mize area/perimeter of the convex hull [12]. For each
variant, they either provide an NP-hardness proof or a
polynomial-time algorithm. As another example, the
problem of finding Minimum Spanning Tree (MST) for
imprecise points, turn out to be the problems of finding
the Minimum and Maximum-weight MST. This prob-
lem has been studied by Dorrigiv et al. [6] under disk-
shaped uncertainty regions.

Regarding to the applications of the shortest path
problem, it has been considerably studied under differ-
ent parameters close to uncertainty conditions. For a
sequence of simple polygons and two points s and e, the
Touring Polygons Problem (TPP) is looking for a tour
from s to e so that all polygons are visited in the given
order. A more general form of TPP is the Shortest Path
Problem (hereafter: SPP) for imprecise points. In this
problem, a graph of polygons is given instead of an order
of polygons. In a directed graph, traversal between ver-
tices is only allowed through the edges. The aim of SPP
is to find a placement of the vertices which minimizes
the shortest distance between s and e. The maximum
variant of SPP has been studied which searched for such
a placement that maximizing the shortest path length.

For this problem in the case of significant uncertainty
of the arc lengths, Yu et al. [14] presented exact and
heuristic solutions. Dror et al. in [7] showed that for
convex and disjoint polygons TPP is solvable in poly-
nomial time. NP-hardness of such a problem has been
proved for any metric, Lp, p ≥ 1 in case of non-convex
polygons (i.e. they are disjoint [1] or overlapping poly-
gons [7]). Moreover, some approximation algorithms are
given for TPP in cases for which the polygons are non-
convex [13]. Also, the maximum variant of TPP is ex-
plored by Disser et al. in [5] that provided a polynomial
time algorithm for computing a maximum placement.

In general, SPP is NP-hard for any metric Lp, p ≥ 1.
Disser et al. in [4] showed that for axis-aligned rectilin-
ear polygons (not necessarily convex) under Manhattan
metric, proposing a polynomial time algorithm is feasi-
ble. Their study in [5] shows that the problem is hard to
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approximate for any approximation factor (1 − ε) with
ε < 1/4, even when the polygons consist of only verti-
cally aligned segments.

In this paper, we define an imprecise segment as an
obstacle whose endpoints are some regions instead of
points. We study the problem of maximum possible
shortest paths’ length. Our goal in Maximum Shortest
Path Problem (hereafter: Max-SPP) is placing a point
inside each region (a placement) in order to arrange the
obstacles such that the shortest path from s to e be-
comes maximum. In other words, Max-SPP is SPP in
continuous space instead of the graph.

This paper makes the following contributions:

1. We prove NP-completeness for the decision version
of Max-SPP when the uncertainty regions are mod-
elled as segments in the region-based models.

2. When the uncertainty regions have been modelled
as disjoint disks, we propose a 1

2 -approximation al-
gorithm for Max-SPP. Also in cases where the re-
gions are k-separable disks (see Definition 4) we
show that the approximation factor of the algo-
rithm is 1− 2

k+4 .

2 Problem Formulation

Free Space: In this work, we assume points of s and
e to be located within the free space. In the precise
manner, the free space is introduced as all points in the
workspace that do not belong to any obstacles. How-
ever, in the imprecise manner, the free space refers to all
points that do not belong to any obstacles for all possi-
ble placements. So, there are no placements for which
obstacles contain points of s and e. In other words, s
and e are not allowed to be located in the obstacles for
any possible placement.

For a robot, we consider a workspace containing start
point s, endpoint e in free space and a set of imprecise
segments as obstacles. We define the imprecise points
or regions as a set
R = {R1, R2, R3, ..., Rn};Ri ⊂ IR2, 1 6 i 6 n.

Where n is the number of obstacles’ endpoints in the
workspace. Suppose I to be a set of points that we
achieve by placing a point or instance inside each re-
gion of R, like the placement

I = {I1, I2, I3, . . . , In}; Ii ∈ Ri, 1 6 i 6 n. (1)

If L(I) refers to the length of the shortest path from s
to e for the placement I, then in the Max-SPP, the
goal is to maximize L(I) by setting a placement like

Imax = {Imax
1 , Imax

2 , Imax
3 , . . . , Imax

n }; Imax
i ∈ Ri, 1 6 i 6 n

(2)
(I)max represents a placement which maximizes the
shortest path length between s and e.

(a) (b)

Figure 1: (a) A workspace containing start and endpoint
of shortest path, segments as obstacles and their uncer-
tain endpoints which are modeled as a line segments.
(b) Placing a point for each region of uncertainty in
order to maximize the distance between s and e.

The Decision Version of Max-SPP:
Input: R as a set of imprecise points, points of s and

e, and a length value of B.
Output: YES if there exists a placement like I that

L(I) > B, NO otherwise.
The Existence Path Problem (hereafter: EPP) is
a problem whose answer is YES if there exists a path
from s to e for at least a set of I ⊂ R, NO otherwise.

3 Maximum Shortest Path Problem (Max-SPP)

In this section, with the help of reduction from the
SAT problem to Max-SPP, we show the hardness results
for Max-SPP. We assume a simple case of Max-SPP in
which the imprecise regions are modelled by segments.
Since in this case the approach for NP-hardness proof
of the Largest Convex Hull problem in [12] is not ap-
plicable for Max-SPP, we add some crucial obstacles to
the workspace.

For a given SAT instance (formula ψ), we construct
a Max-SPP instance. For this, we setup R(ψ) including
imprecise obstacles’s endpoint. Then, we prove that the
decision version of Max-SPP returns YES if and only if
the SAT formula ψ is satisfiable.

As illustrated in Fig. 2(a), for converting the SAT
formula to the Max-SPP instance, we divide a circle
into M = c+ q arcs, where c and q are the numbers of
clauses and variables in formula ψ, respectively. The c
clauses and q variables of ψ are characterized as arcs in
the Max-SPP instance. This unique circle contains one
arc for each clause and one arc for each variable as well
as two points s, e and M separator points that separate
arcs from each other. We locate the points s and e
by some sufficiently small ε > 0 above and below the
separator point of z (Fig. 2(a)). In addition, to insert
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some obstacles we draw segments from circle center at
o to all separator points and a segment from point of z
to the workspace boundary.

Variable Arcs Configuration: As Fig. 2(b) shows,
for each variable in ψ like v, we have an arc that con-
tains: a segment parallel to lr (shown as tf), and two
sets of points, Pv and Qv, with the same number of
elements equal to 3c.

Notably, although the points in Pv corresponding to
each variable like v are placed such that they are all on
the convex hull of {l, r, f}, Pv and Qv, they are not on
the convex hull of {l, r, t}, Pv and Qv. As shown in Fig.
2(a), points in Qv are symmetrical with Pv.

Clause Arcs Configuration: As Fig. 2(c) shows,
for each clause in ψ like c we have an arc containing
a point hc. If the variable v appears in clause c as a
positive literal, we connect the point hc to a member of
Pv. If the variable v appears in clause c as a negative
literal, we connect the point hc to a member of Qv. In
this way, the obstacles as precise and imprecise regions
would be produced.

• the connection between the workspace boundary
and the separator point of z as a precise obstacle.

• the connection between the circle center at o and
all separator points as precise obstacles.

• the connection between the circle center at o and
the imprecise regions with an endpoint hc and the
other in Pv or Qv sets as imprecise obstacles.

• the connection between the circle center at o and
the imprecise regions with endpoints at t and f as
imprecise obstacles.

Finally, in the workspace constructed by formula ψ,
maximizing the shortest path between s and e is now
equal to the sum of the maximized shortest paths be-
tween two separator points. So, in order to maximize
the shortest path between two separator points (which
locate on a single arc) for every variable arc like v, the
selected endpoint should be either t together with all
points in Qv or f together with all points in Pv. More-
over, for the optimal placement of Imax point hc should
be selected in each clause arc such as c.

Theorem 1 Suppose we are given a workspace contain-
ing a set of segment obstacles and a set of imprecise
points as obstacles’ endpoints. Obstacles are assumed
to be arbitrary segments that can have common inter-
sections only at their endpoints. For such a workspace
with these imprecise obstacles, Max-SPP is NP-hard un-
der the Euclidean metric and its decision version is NP-
complete.

(a) (b) (c)

Figure 2: (a) A circle is divided into arcs in which all
the segments passing through o represent obstacles. The
points s and e located in some sufficiently small ε > 0
above and below the separator point of z. (b) A variable
arc. (c) A clause arc.

4 Approximation Algorithm for Max-SPP

Regarding the NP-hardness of Max-SPP, the approxi-
mation algorithms could be used for estimating the solu-
tion. For approximating the optimal placement of Max-
SPP, we focus on those workspaces which their obstacles
are just segments and their imprecise endpoints are dis-
joint disks. Our approximation algorithm simply selects
center of disks as placement I (i.e. as an approximate
placement). Similar to [6], we have proved that the re-
sult of this simple algorithm, L(I), is not smaller than
half of that in optimal placement.

Definition 1 Let L(Icenter) and SP (Icenter) de-
note respectively the solution value and the shortest path
of the approximation algorithm that selects the disks’
centers as the placement I.

Definition 2 We define SP (Imax) and L(Imax) as
the shortest path and its length in the optimal placement
for Max-SPP, respectively.

Definition 3 We suppose SP ′(Imax) is the path from
s to e with the same topology1 as SP (Icenter) and with
the point of (Imax). Noticeably, this path is not neces-
sarily the shortest path.

Let L(Imax) and L(SP ′(Imax)) stand for the length
of paths from s to e for paths SP (Imax) and SP ′(Imax),
respectively. Then we have

L(Imax) 6 L(SP ′(Imax)) (3)

Theorem 2 Consider a workspace such that the im-
precise obstacles’ endpoints are disjoint disks. Now, in
the approximation algorithm assuming the center of all
disks as the placement Icenter for Max-SPP, we have

1

2
L(Imax) 6 L(Icenter) (4)

1The sequence of obstacles and their endpoints throughout a
path.
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If the disks are sufficiently far from each other, the ap-
proximation factor of the algorithm in Theorem 2 will
be improved to more accurate values. So, in the fol-
lowing, we prove that the larger the distances between
disks, the better the approximation factor we get (i.e.
closer to 1).

Definition 4 As defined by [10], a given set of disks
with the largest radius rmax are k-separable when for
the maximum value of k the minimum distance between
each pair of disks is at least k.rmax.

Theorem 3 Consider a workspace such that the im-
precise obstacles’ endpoints are k-separable disks with
k > 0. Now, in the approximation algorithm assum-
ing the center of all disks as the placement Icenter for
Max-SPP, we have

(1− 2

k + 4
)L(SP (Imax)) 6 L(SP (Icenter)) (5)

Proof. See the Appendix. �

Now, obviously, farther disks (i.e. larger value of k)
leads the algorithm to more accurate approximation fac-
tors (i.e. closer to 1).

5 Conclusion

In this paper, we modelled the imprecise points by using
some geometric approaches and proved that the Max-
imum Shortest Path Problem (Max-SPP) is NP-hard
and its decision version is NP-complete. For this proof,
we considered the obstacles to be segments and their
endpoints to be imprecise points modelled as segments.
Remarkably, the obstacles can only be intersected at
their endpoints. In addition, we presented an approxi-
mation algorithm with approximation factors of 1/2 and
1− 2

k+4 for disk and k-separable disk as imprecise points,
respectively.

A possible future work includes the investigation of
the hardness of Max-SPP for different shapes which im-
precise points could be modelled with.
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